Abstract. In this paper, we consider the group Aut(Q, ≤) of order-automorphisms of the rational numbers, proving a result analogous to a theorem of Galvin's for the symmetric group. In an announcement, Khélif states that every countable subset of Aut(Q, ≤) is contained in an N -generated subgroup of Aut(Q, ≤) for some fixed N ∈ N. We show that the least such N is 2. Moreover, for every countable subset of Aut(Q, ≤), we show that every element can be given as a prescribed product of two generators without using their inverses. More precisely, suppose that a and b freely generate the free semigroup {a, b} + consisting of the non-empty words over a and b. Then we show that there exists a sequence of words w 1 , w 2 , . . . over {a, b} such that for every sequence f 1 , f 2 , . . . ∈ Aut(Q, ≤) there is a homomorphism φ : {a, b} + −→ Aut(Q, ≤) where (w i )φ = f i for every i. The main theorem in this paper, provides an alternative proof of a result of Droste and Holland showing that the strong cofinality of Aut(Q, ≤) is uncountable, or equivalently that Aut(Q, ≤) has uncountable cofinality and Bergman's property.
Introduction
In [6] , Galvin shows that every countable subset of the symmetric group Sym(Ω), on any infinite set Ω, is contained in a 2-generated subgroup. The orders of the two generators can be chosen to be almost any values, and in particular, the orders of both of the generators can be finite. It follows that the elements of any countable subset of Sym(Ω) can be obtained as compositions of just 2 permutations without the use of their inverses. In other words, Galvin obtained the following theorem. Theorem 1.1 (cf. Theorem 4.1 in Galvin [6] ). Let Ω be an arbitrary infinite set. Then every countable subset of the symmetric group Sym(Ω) on Ω is contained in a 2-generated subsemigroup of Sym(Ω).
A bijection f : Q −→ Q is an order-automorphism when: x ≤ y if and only if (x)f ≤ (y)f . We denote the group of order-automorphisms of Q by Aut(Q, ≤). In this paper we prove an analogue of Theorem 1.1 for Aut(Q, ≤). In an announcement Khélif [11, Theorem 7] , states that every countable subset of Aut(Q, ≤) is contained in an N-generated subgroup of Aut(Q, ≤) for some fixed N ∈ N. However, there is no proof of Khélif's assertion in [11] , nor is the value of N mentioned. We give a proof of Khélif's assertion showing that N can, in fact, be 2.
A transformation of a set Ω is simply any function from Ω to itself. Galvin was motivated by the following two theorems and a question of Stan Wagon, who asked if "transformation" could be replaced by "permutation" in Theorem 1.3. Theorem 1.2 (Theorem IV in Higman-Neumann-Neumann [8] ). Every countable group is embeddable in a 2-generated group. Theorem 1.3 (Sierpiński [15] and Banach [1] ). Every countable set of transformations on an infinite set Ω is contained in a semigroup generated by two transformations of Ω.
Analogues of Sierpiński's theorem have been found for several further classes of groups and semigroups; see the introduction to [14] for more details. Perhaps most relevant for our purposes is that Galvin's proof can be adapted to show that if G is the group of homeomorphisms of the Cantor space, the rationals, or the irrationals, then any countable subset of G is contained in a 2-generator subgroup. It was shown by Calegari, Freedman, and de Cornulier [3] that the homeomorphisms of the euclidean m-sphere have the property that every countable subset is contained in a N-generated subgroup for some N ∈ N (the specific value of N is not given in [3] ). To our knowledge, these examples exhaust the naturally arising non-finitely generated groups which are known to have the property that every countable subset is contained in an m-generated subgroup, for some fixed m ∈ N. This property is preserved under taking subgroups of finite index, direct products, and restricted wreath products, which give rise to further examples.
The property we are concerned with in this paper is somewhat stronger than the property mentioned above. Definition 1.4. Let S be a semigroup, let T be a subset of S, let A be an alphabet, and let A + denote the free semigroup freely generated by A. Then a sequence of words w 1 , w 2 , . . . ∈ A + is universal for T over S if for any sequence t 1 , t 2 , . . . ∈ T there exists a homomorphism φ :
If the alphabet A has m elements, then we will refer to (w n ) n∈N as an m-letter universal sequence. If a sequence is universal for S over S, then we simply refer to this sequence as universal for S. Wherever it is possible to do so without ambiguity, we will also not refer specifically to the alphabet A. Of course, the analogous definition of universal sequences for groups can be given using the free group. However, we will not use the analogous definition in this article.
In an announcement, Khélif [11] states that there is a finite letter universal sequence for Aut(Q, ≤). However, neither the number of letters in the universal sequence, nor a proof of this statement, is given in [11] .
In this paper, in the spirit of Galvin's Theorem, we will show that Aut(Q, ≤) has a 2-letter universal sequence. In other words, every element from an arbitrary countable set can be given as a prescribed product of two generators without using their inverses. The main result of this paper is the following theorem.
Main Theorem (cf. Theorem 7 in Khélif [11] ). There is a 2-letter universal sequence for Aut(Q, ≤).
We conclude the introduction by discussing some of the consequences of the Main Theorem. The cofinality of a group G, denoted cf(G), is the least cardinal λ such that G can be written as the union of a chain of λ proper subgroups. Macpherson and Neumann [12] showed that the symmetric group on a countably infinite set has uncountable cofinality; Gourion [7] show that cf(Aut(Q, ≤)) > ℵ 0 ; Hodges et al. [9] and Thomas [16] proved the analogous results for the automorphism group of the random graph and the infinite dimensional linear groups, respectively.
The strong cofinality of a group G, denoted scf(G), is the least cardinal λ such that G can be written as the union of a chain of λ proper subsets H i such that for all i the following hold:
Droste and Holland [5] showed that scf(Aut(Q, ≤)) > ℵ 0 . A group G has Bergman's property if for any generating set X for G with X = X −1 and 1 ∈ X, there is N ∈ N such that G = X N . Bergman [2] showed that the symmetric group Sym(Ω), where Ω is an arbitrary infinite set, has this property, and it is from this paper that the term Bergman's property arose. Droste and Göbel [4] provide a sufficient criterion for certain permutation groups to have uncountable strong cofinality and hence Bergman's property. Their criterion applies to the symmetric group, homeomorphism groups of the Cantor space, the rationals, and irrationals.
The next lemma connects the notions just defined to that of having a universal sequence, it appears as Lemma 2.4 in [13] and is based on ideas in Bergman [2] and Khelif [11] . Lemma 1.6. Let G be a non-finitely generated group and suppose that there exists a sequence (l n ) n∈N of natural numbers and an N ∈ N such that every sequence (g n ) n∈N in G is contained in an N-generated subgroup of G and, for every n ∈ N, there is a product of length l n equal to g n over the N generators. Then scf(G) > ℵ 0 .
Having a universal sequence over a finite alphabet is a stronger property than the condition in Lemma 1.6. Hence we obtain the following corollary. Corollary 1.7. If G is a non-finitely generated group and G has an m-letter universal sequence for some m ∈ N, then scf(G) > ℵ 0 .
Bergman's original theorem, that the symmetric group has Bergman's property, follows immediately from Galvin's Theorem 1.1, Corollary 1.7, and Theorem 1.5. It is also possible to obtain the results of Gourion [7] and Droste and Holland [5] as a corollary of our Main Theorem.
Proof. This follows immediately from the Main Theorem, Corollary 1.7, and Theorem 1.5.
The rationals Q are an example of a Fraïssé limit, it is the limit of the class of finite linear orders. Automorphism groups of Fraïssé limits have many interesting properties; see, for example, [10, 17, 18] . It is natural to ask if results analogous to those obtained here for Aut(Q, ≤) hold for the automorphism groups of different Fraïssé limits. Question 1.9. Let R denote the countably infinite random graph. Is it true that every countable set of automorphisms of R is contained in an N-generated subsemigroup or subgroup for some fixed N ∈ N? Does Aut(R) have a universal sequence over a finite alphabet? Or, more generally, is it possible to characterise those Fraïssé limits whose automorphism groups have either of these properties?
The paper is organised as follows: in the next section we provide the relevant definitions and some general results about universal sequences, and order-automorphisms of Q. In Section 3, we reduce the problem of finding a universal sequence for Aut(Q, ≤) to that of finding a universal sequence for a subgroup; we also show that Aut(Q, ≤) has an 8-letter universal sequence. We prove our Main Theorem in Section 4.
Preliminaries
In this section we give the relevant definitions and some results about universal sequences for arbitrary groups.
The identity function on Q is denoted by id. If f, g ∈ Aut(Q, ≤), then we define
We denote the conjugate f −1 gf by g f , and the commutator f
The support of f ∈ Aut(Q, ≤) is defined and denoted as: supp(f ) = {x ∈ Q : (x)f = x} and the fix of f is just fix(f ) = Q \ supp(f ). If X is a subset of Q, then we define the pointwise stabiliser of X in Aut(Q, ≤) by
The restriction of an order-automorphism f to a set X is denoted f | X . If f setwise stabilises X, i.e. (X)f = X, then f | X ∈ Aut(X, ≤). It is well-known that every element of Aut(Q, ≤) (or any Polish group with a comeagre conjugacy class) is a commutator; [10] , [17] .
If U is a set, then we denote the set of sequences over U by U N . If additionally U is a group, then we use U N to denote the set of sequences over U with componentwise multiplication.
Proposition 2.1. Let S be a semigroup, let U and V be subsets of S, and let (u n ) n∈N , (v n ) n∈N be sequences of words over some alphabet A. Then the following hold:
(iii) if (u n ) n∈N is a universal sequence for U over S and there exists m ∈ N such that for every v ∈ V there are y 1 , y 2 , . . . , y m ∈ U such that v = y 1 y 2 . . . y m , then
is a universal sequence for V over S; (iv) if (u n ) n∈N is universal for U over S and (x n ) n∈N is a sequence such that for every n ∈ N there are y n,1 , y n,2 , . . . , y n,2n ∈ U where x n = y n,1 y n,2 · · · y n,2n , then there is a homomorphism φ :
Proof. (i). This is straightforward to verify.
(ii). (⇒) Let n ∈ N and let x n = (x m,n ) m∈N be a sequence of elements in U, i.e. (x n ) n∈N is a sequence of elements of U N . Then, by the assumption applied to (x m,n ) n∈N , for every m ∈ N there exists a homomorphism φ m :
Then π 1 is a homomorphism. If (x n ) n∈N is a sequence in U, then by assumption there exists a homomorphism φ :
for all n ∈ N, as required.
(iii). The proof of this part is similar to that of (iv).
(iv). Let (x n ) n∈N be a sequence such that for every n ∈ N there are y n,1 , . . . , y n,2n ∈ U such that x n = y n,1 · · · y n,2n . Then for every n, k ∈ N such that 1 ≤ k ≤ n we define:
where (2n − 1)n = 2n i=1 i. Thus (z n ) n∈N is a sequence in U and so there exists a homomorphism φ :
as required.
Note that Proposition 2.1(ii) holds for arbitrary cartesian products as well as countable ones. The proof of this result is similar to the proof in the countable case, but we will not use the more general statement, and so we have limited ourselves to the countable case.
Lemma 2.2. Let f, g ∈ Aut(Q, ≤) be arbitrary, let min{f, g} and max{f, g} denote the pointwise minimum and maximum of f and g, respectively. Then min{f, g}, max{f, g} ∈ Aut(Q, ≤) and min{f, g}
Proof. Let h = min{f, g}, let k = max{f −1 , g −1 }, and let x, y ∈ Q be such that x < y. Then (x)h = min{(x)f, (x)g} < min{(y)f, (y)g} = (y)h, and so min{f, g} is orderpreserving.
Suppose without loss of generality that
A similar argument shows that (x)kh = x, and so h and k are bijections, as required.
A reduction of the problem
In this section, we prove four lemmas which reduce the problem of finding a universal sequence for Aut(Q, ≤) to that of finding such a sequence for a subgroup. We also show that the order-automorphisms of the rationals have an 8-letter universal sequence.
The first reduction involves the bounded automorphisms, for which we define:
for all m ∈ N. Note that B m is not a subgroup of Aut(Q, ≤) for any m ∈ N.
Lemma 3.1. Let (g n ) n∈N be any sequence in Aut(Q, ≤). Then there exists p ∈ Aut(Q, ≤) such that g n p ∈ B 2n for all n ∈ N.
Proof. We will specify p in terms of the following injective order preserving mapping σ : Z −→ Z. We define σ recursively, starting with (0)σ = 0. Suppose that σ is defined on m ∈ Z. If m > 0, then define (m + 1)σ to be any value in Z such that
We will show that no more than one point from (Z \ [−(n − 1), n − 1]) σ lies between x and (x)g n for all x ∈ Q and for all n ∈ N. Let x ∈ Q and n ∈ N be arbitrary and suppose that there exists y ∈ Z \ [−(n − 1), n − 1] such that (y)σ lies between x and (x)g n . There are four cases to consider depending on the signs of x − (x)g n and y. If x < (x)g n and n ≤ y, then x < (y)σ and so (x)g n < (y)σg n . By the definition of σ and since n ≤ y, (y + 1)σ > (y)σg n . Hence (x)g n < (y)σg n < (y + 1)σ and so σ has the required property. The other cases are analogous.
Let p ∈ Aut(Q, ≤) be any extension of the function σ : Z −→ Z and let x ∈ Q be arbitrary. Then, for every n ∈ N, there exists at most one y ∈ Z \ [−(n − 1), n − 1] such that (y)p = (y)σ lies between (x)p and (x)pg n . In particular, either (x)p ≤ (y)p ≤ (x)pg n or (x)pg n ≤ (y)p ≤ (x)p. We only consider the first case, the second case follows by a similar argument. Since g n ∈ Aut(Q, ≤), it follows that (x)p ≤ (y)p ≤ (x)pg n if and only if x ≤ y ≤ (x)pg n p −1 . In other words, there is at most one y ∈ Z \ [−(n − 1), n − 1] that lies between x and (x)g n p −1 for all x ∈ Q and n ∈ N. Therefore |(x)g n p −1 − x| ≤ 2n for all x ∈ Q and n ∈ N. Lemma 3.2. Let r ∈ Q and n ∈ N be arbitrary. Then B rn ⊆ (B r ) n .
Proof. Let g ∈ B rn be arbitrary. We use induction on n to show that there exist h 1 ∈ B r and h 2 ∈ B r(n−1) with g = h −1 1 h 2 . We define h 1 piecewise as follows:
Then h 1 = max{min{x → x + r, g −1 }, x → x − r} and so, by Lemma 2.2, h 1 ∈ Aut(Q, ≤). It is clear from the definition that h 1 ∈ B r and so h −1 1 ∈ B r . We will show that h 2 = h 1 g ∈ B r(n−1) . Let x ∈ Q be arbitrary. There are three cases to consider. If (x)g −1 ≤ x − r, then x ≤ (x − r)g and so (x)h 1 g = (x − r)g ≥ x. But g ∈ B rn and so x − r + n ≥ (x − 1)g. Hence
In the final case, it follows, by a symmetric argument to the first case, that x − r(n − 1) ≤ (x)h 1 g ≤ x and so h 1 g ∈ B r(n−1) .
We denote the even integers by 2Z and their pointwise stabiliser in Aut(Q, ≤) by Stab(2Z).
Proof. Let g ∈ B 1/3 be arbitrary. Then 2n + 2/3 ≤ (2n + 1)g −1 ≤ 2n + 4/3. The closed interval [2n + 2/3, 2n + 4/3] is a subset of the open interval (2n, 2n + 2) for all n ∈ Z. Therefore there is h ∈ Stab(2Z) such that (2n + 1)h −1 = (2n + 1)g −1 for all n ∈ Z. Since Stab(2Z) f = Stab(2Z + 1) and (2n + 1)h −1 g = 2n + 1 for all n ∈ Z, it follows that
If n ∈ 2Z, then we define I n = i∈Z (ni + 2, ni + n).
Lemma 3.4. If f ∈ Aut(Q, ≤) be defined by (x)f = x + 1 and n ∈ 2Z, then
Proof. Let h ∈ Stab(2Z) be arbitrary and for every i ∈ {1, . . . , n/2} define k i ∈ Aut(Q, ≤) by
Then clearly h = k 1 · · · k n/2 and k i f −2i ∈ Stab(I n ) for all i, as required.
In the following corollary we show how the previous four lemmas can be used to reduce the problem of finding a universal sequence for Aut(Q, ≤) to that of finding a universal sequence for Stab(I n ) for any n ∈ 2Z. Proof. It follows from Proposition 2.1(iii) and Lemmas 3.3 and 3.4 that if there is a universal sequence for Stab(I n ) over an alphabet A, then there is a universal sequence for B 1/3 over the alphabet A ∪ {f, f −1 }. Suppose that (g n ) n∈N is an arbitrary sequence in Aut(Q, ≤). Then, by Lemma 3.1, there exists p ∈ Aut(Q, ≤) such that g n p ∈ B 2n for all n ∈ N. Since there is a universal sequence for B 1/3 , and B 2n ⊆ B 6n 1/3 for all n ∈ N (by Lemma 3.2), it follows from Proposition 2.1(iv) that there exists a sequence (w n ) n∈N of words over A ∪ {f, f −1 } and a homomorphism
such that (w n )φ = g n p for all n ∈ N. Conjugating by p −1 is an automorphism of Aut(Q, ≤) and so
defined by (x)θ = ((x)φ) p −1 is a homomorphism and (w n )θ = g n for all n ∈ N. In other words, w n is a universal sequence for Aut(Q, ≤) over A ∪ {f, f −1 }, as required.
We will prove the Main Theorem in the next section. Since it is significantly more complicated to prove that there is a 2-letter universal sequence for Aut(Q, ≤), we first show that there is such a sequence over an 8-letter alphabet. Thus for any reader who is only interested to learn that there is a universal sequence over a finite alphabet, the next theorem ought to suffice. Theorem 3.6. There is a universal sequence over an 8-letter alphabet for Aut(Q, ≤).
Proof. By Corollary 3.5, it suffices to find a 6-letter universal sequence for Stab(I 4 ). We set Ω = Z × Z × Q equipped with the usual lexicographic order. Then since Ω is a countable dense linear order without endpoints, it follows that Ω is order-isomorphic to Q. We consider Aut(Ω, ≤) instead of Aut(Q, ≤) in this proof. Set Ω 0 = {0} × {0} × Q and
We denote the set {4n − 1 : n ∈ Z} by 4Z − 1. Since there is an isomorphism from Stab(4Z−1) to the direct product Aut(Ω, ≤) Z mapping Stab(I 4 ) to Stab(Ω\Ω 0 ) Z , it suffices by Proposition 2.1(ii), to show that there is a 6-letter universal sequence for Stab(Ω \ Ω 0 ) over Aut(Ω, ≤).
Let (g n ) n∈N be such that g n ∈ Stab(Ω \ Ω 0 ) for all n ∈ N. Then, since every element of Aut(Ω, ≤) is a commutator, there exist
We define a, b, c ∈ Aut(Ω, ≤) by
It is routine to verify that a, b, c ∈ Aut(Ω, ≤).
Thus supp(a
If (w n ) n∈N is a universal sequence for Stab(I m ), then, by Lemma 3.4, the sequence with nth term equal to
is universal for Stab(2Z). By Lemma 3.3, the sequence with nth term equal to
is universal for B 1/3 . Hence the sequence with nth term equal to
is universal for Aut(Q, ≤) by Lemmas 3.2 and 3.1. By applying the previous steps, it follows from Theorem 3.6 that if (w n ) n∈N is universal for Stab(I 4 ), then
is a universal sequence for Aut(Q, ≤) over the alphabet {a, a
Proof of the Main Theorem
In this section we prove the Main Theorem, which we restate for the convenience of the reader.
Main Theorem. There is a 2-letter universal sequence for Aut(Q, ≤).
If X is a totally ordered set, then we denote by X * the set X ∪ {∞} where the order of X is extended by adjoining a maximum element ∞ ∈ X.
We identify Q with the set Ω = Z × Z * × Z * × Q * equipped with the usual lexicographic order. Then, as in the proof of Theorem 3.6, Ω is order-isomorphic to Q. More precisely, there is an order-isomorphism φ from Q to Ω such that Q ∩ (4n − 1, 4n + 1) is mapped to
and Q ∩ [4n − 2, 4n + 2] is mapped to {α ∈ Ω : (n − 1, ∞, ∞, ∞) ≤ α ≤ (n, ∞, ∞, ∞)}, for every n ∈ Z. It follows that the function f obtained by conjugating
for all (i, j, k, x) ∈ Ω. We will only make use of powers of f 4 in the remainder of the paper, and so we do not require (or give) an explicit description of the action of f itself on Ω.
We consider Aut(Ω, ≤) rather than Aut(Q, ≤) for the remainder of this section. Let (h n ) n∈N be an arbitrary sequence of elements in Stab(Ω \ n∈Z Ω 12n ). We will show that there exists g ∈ Aut(Ω, ≤) such that
In other words, Stab(Ω\ n∈Z Ω 12n ) has a universal sequence over {f,
it will follow that Stab(I 48 ) has a universal sequence over {f, f −1 , g, g −1 } and so, by Corollary 3.5, Aut(Q, ≤) has a universal sequence over the same alphabet. Once we have defined g, we show in Lemma 4.2 that the group generated by f and g equals the semigroup generated by f −48 g and f . More precisely, each of f , g, f −1 , and g −1 is equal to an explicit product over f −48 g and f , which is independent of the sequence (h n ) n∈N . Therefore we will have shown that there is a universal sequence for Aut(Q, ≤) over the alphabet {f −48 g, f }. Since (h n ) n∈N is a sequence in Stab(Ω \ n∈12Z Ω n ), it follows that h n | Ωn ∈ Aut(Ω n , ≤) for all n ∈ 12Z. Every element of Aut(Ω n , ≤) ∼ = Aut(Q, ≤) is a commutator, and so there exist k m,n , k −m,n ∈ Aut(Ω n , ≤) such that
for all m ∈ N, n ∈ 12Z and we define k 0,n to be the identity for all n ∈ 12Z. It follows that for every m ∈ N and n ∈ 12Z that there existk m,n ∈ Aut((−1, 1), ≤) such that (n, 0, 0, y)k m,n = (n, 0, 0, (y)k m,n ) for every m ∈ Z, n ∈ 12Z, and y ∈ (−1, 1).
To define the required g, we specify four auxiliary order-automorphisms a, b, c, d of Ω:
It is routine to verify that a, b, c, d ∈ Aut(Ω, ≤) and that
We are now able to define the second automorphism g ∈ Aut(Q, ≤) required to generate (h n ) n∈N :
the supports of ab, c f 4 , (b −1 ) f 12 , and d f 28 are disjoint. In particular, this implies that these automorphisms commute. The remaining cases follows by similar arguments.
Lemma 4.2. The semigroup generated by f −48 g and f is the group generated by f and g. More precisely, each of f , g, f −1 , and g −1 is equal to a fixed product over f −48 g and f which is independent of the sequence (h n ) n∈N .
Proof. Since Aut(Ω, ≤) is a group, it suffices to show that there is a product of f −48 g and f , containing at least one occurrence of f −48 g and of f , equal to the identity. 
and substituting these values in to w n yields a universal sequence for Stab(I 48 ) over {f, f −48 g}. Combining this with equation (1), at the end of previous section, it is possible to obtain an explicit universal sequence for Aut(Q, ≤) over the alphabet {f, f −48 g}. However, the resulting expression is too long to include here.
